LOCAL EXISTENCE OF RICCI SOLITONS

THOMAS A. IVEY

INTRODUCTION

The Ricci flow dg/0t = —2Ric(g) is an evolution equation for Riemannian met-
rics. It was introduced by Richard Hamilton, who has shown in several cases ([7],
[8], [9]) that the flow converges, up to re-scaling, to a metric of constant curvature.
However, “soliton” solutions to the flow give examples where the Ricci flow does not
uniformize the metric, but only changes it by diffeomorphisms. Soliton solutions
are generated by initial data satisfying

Lxg = —2Ric(g)

for some complete vector field X. The subsequent solution of the flow is g, = ¢;(g),
where ¢; is the 1-parameter family of diffeomorphisms generated by X.

If we wish to classify Ricci solitons, it is helpful to start with the following
questions:

How large is the space of Ricci soliton metrics, modulo diffeomor-
phisms? For example, do they lie in a finite-dimensional space?
Are there any integrability conditions implied by the soliton con-

dition that may help us classify solitons?
In this paper we will use the techniques of exterior differential systems to answer
these questions. In particular, it will turn out that the soliton condition is in-
volutive, and, modulo diffeomorphisms, the n-dimensional soliton metrics depend
locally on n? + n arbitrary functions of n — 1 variables. We will also investigate the
differential relations between a soliton metric g and the corresponding vector field
that are implied by the Ricci soliton condition.

We will begin with a brief explanation of involutivity.

THE MEANING OF INVOLUTIVITY
A system of k-th order PDE

« k, o
F”(xl,u“,%,... 7%) =0, |I|=k, p=1...r
for s unknown functions u® of z',... ,z™ determines, and is in fact equivalent to,
a submanifold R in the space J*(R™, R*) of k-jets of functions from R™ to R*. In
fact if 2%, u®, pis Pgys- - DT are the usual coordinates on Jk (R™,R®) then R is cut
out by the functions

Fp(xi7ua7p7;a7"'7p?):07 pzl"'lr
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A solution of the PDE corresponds to an integral manifold N C R of the contact
system on J*(R™, R*). We can also define the prolongation R*+1D < JF+1(R” R?)
of R = R as being cut out by the functions F* and their total derivatives %—ZZJ,
i=1...n; similarly we can define R*+2) R(*+3) etc.

The “forgetful functors” m; : J'FH(R", R*) — JY(R™,R*), which remember only
the [-jet, are submersions, and of course (’R(H‘l)) c RW. However, there is no
guarantee that R(+1 submerses onto R via 7;. Put another way, there is no
guarantee that an [-jet solution can be extended to an (I + 1)-jet solution of the
PDE.

To give a simple example, consider the following PDE for functions v and v of

x and y:

Uy = U+f1(1'7y)
uy = f?(xvy)

These define a smooth manifold R < J'(R?, R?) of codimension two. R(?) is cut
out by these equations and their derivatives

Ugy = Vg + 61f1
Ugy = Uy + ayfl
Ugy = 8xf2

Uyy = Oy f2

which imply that v, 40y fi1 = 0, f2, i.e. R?) lies over a submanifold of codimension
three in J'(R? R?).

When a system of PDE becomes involutive at the k-jet level, each R(+1 sub-
merses onto RY for [ > k, and the rank of the submersion can be calculated (see
[2], Thm IV.4.4). In fact, involution implies that not only is there no obstruction
to extending a kth degree Taylor polynomial to a formal power series solution, but
(in the case when the functions F* are analytic) the power series will converge on
a small neighbourhood in R™.

ELLIPTICITY OF THE SOLITON CONDITION

We will consider a slightly generalized soliton condition
Lxg=2Rc(g)+Ag (1)

where A is some constant. In this section, we will show this is an elliptic equation.

As it stands the condition is underdetermined; and, since it is invariant under
diffeomorphisms, the solution space is at least as big as n arbitrary functions of
n variables. To get a determined equation, and mod out by the diffeomorphism
group, we adjoin the condition that the local coordinates 2° be harmonic functions
with respect to the metric’. This is actually a trace condition on the Christof-
fel symbols: ¢% Ffj = 0. Since any new harmonic coordinate is a solution of an
elliptic equation, the space of diffeomorphisms that preserve this condition is finite-
dimensional. Putting this together with (1) we get a system that is, by a naive

LThis fairly well-known trick is due to DeTurck; see [1], Chapter 5.
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count, determined, first order in X, and of mixed second-order and first-order in g:
2Rij(g) + )\gij - Vin - Vin =0 (2)
gT3; =0

(Here X,; denotes components of the metric dual of X.) Although the principal

symbol of this system is degenerate, it turns out to be elliptic in the generalized

sense of Douglis-Nirenberg [4]. This implies that g and X will be analytic in these
coordinates. Since any other harmonic coordinates yi satisfy an elliptic equation,
they will also be analytic functions of the coordinates. We conclude

Theorem 1. If M has a metric g satisfying (1), then M has the structure of a real
analytic manifold with respect to which g and X are analytic.

Proof. To check the Douglis-Nirenberg condition, we choose the parts of the first
set of equations in (2) that are second-order in g and first-order in X, and the
first-order part of the second set of equations. The kernel of the resulting symbol
mapping is given by
sii|E1° 4 g sr&ily — € (sa&s + sps) + &itj + it =0 (3)
25;;&7 — gMsp&i = 0. (4)
(Here, s;; and t; are components of a symmetric n by n matrix and an n-vector in
the kernel, ¢! = g*¢;,, and |€]? = g¥'¢,€.) We want to show that this kernel is zero
for all real covectors £ # 0.

Contracting (3) with & shows that t; = a&; for a scalar a, while contracting (3)
with g% gives g"sp|€|? — s1&P¢! + al€|? = 0. Contracting (4) with £’ shows that

g spi|€]? = 253€7¢!, and hence a = —3g* s Now (3) reads

3ij\§|2 - §l($z‘l§j +s;&) =0. (5)
Substituting in from (4) gives s;;|¢|? = g'sp&:€;. Now substituting s;; = b€;&; in
(5) shows that b = 0. O

We now proceed to set up the exterior differential system that will allow us to
further investigate the soliton condition.

THE SOLITON SYSTEM AND ITS CHARACTERISTIC VARIETY

Let ap‘l ... 2" be local coordinates on an open set U C R”, and let w® be shorthand
for d(z). Let Q = w! A... Aw™, and let W(i,...iy) be the wedge product of the w’s
such that

W(is.oiy) N WAL AW =
for example, w(o) = w3 Aw' when n = 3 and w41 = —w? Aw? when n = 4. It is
easy to verify that
w(5) Aw' = 6;9
W(jk) Aw' = J;w(k) - 5,@&)@)
Wiijh) NP = 07 wiir) = Gwin) + 05WGs)
We will now set up our exterior differential system. Let U be an open set in R”,

let S; denote the open set of positive definite symmetric n x n matrices g;; and
let C' be a n("}")-dimensional vector space with coordinates I = T Let g¥
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denote the inverse of g;;, and let R C C be the codimension-n subspace cut out by
¢TI}, =0. On U x Sy x R define the forms

¢ = Ty
v =dg” + g™ ¢}, + 9" ¢},
i i i k

@i = g + ¢} A 0
A metric on U can be thought of as a section of U x S, equivalently a n-dimensional
submanifold which submerses onto U, equivalently one on which the n-form €2 does
not vanish. If we have a section of U x S, x C on which the forms v vanish,
then the F;k are the Christoffel symbols of the metric, <I>§- = %R;klwk A w! are
the curvature forms, and one computes that the the Ricci tensor appears in the
(n — 1)-form

Y N wipij) = Rjwe) — 2R50().
Let f; and f;; be coordinates on R™ and R"Q; we define the following forms on
N=UxS; x RxR"xR":
oi = dfi = f;¢] — fije’
Op = OV A wipij) + 2(fps + Fin)g Wiy — 297 fijwip)
If these forms vanish on a section of N, then the f; are components of a 1-form
whose metric dual X satisfies the soliton condition (1). (In what follows we will
take A = 0 for simplicity; however, all our conclusions carry through without change
when A # 0.) For, if these forms vanish, then f;; = V;X; and
Rgij — 2Rij + 2(fij + fii) — 29" frugi; = 0.

We can trace this equation to eliminate the scalar curvature R, and then we get
(1) in component form.

To apply the techniques of exterior differential systems, we will need to con-
struct the differential ideal containing these forms; this ideal will be generated
algebraically by the forms 7%, 0;,©; and their exterior derivatives. To simplify
computations, we define

7ij = dfi — findy — fij 0}
U = @Y 4 @I,
Then
dy9 =09 mod{y¥}
do; = —1ij Awl — £,®7  mod{y",;}
dO; = 2¢7* (1w + Tjwy — Tirwey)  mod{y, oy, U}

(In fact, if the vanishing of ©; corresponds to prescribing the Ricci tensor, then the
vanishing of d©; corresponds to the second Bianchi identity ¢/*(V; R, —2VRi;) =
0.)

By definition, an integral n-plane at a point € N is an n-dimensional subspace
of T, N to which the forms in our system,

’yija Oy lI/ija dUi, ®i7 d®i; (6)
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restrict to be zero. We will only consider those integral n-planes E which satisfy
the independence condition Q|g# 0. Even so, at every point of N there are integral
n-planes. This is because such an integral element is in fact a 2-jet of a metric
and a 2-jet of a vector field satisfying (2). We can always find a metric on a small
neighbourhood with prescribed curvature at one point by using power series. We
can then obtain harmonic coordinates with the same 1-jet as our given coordinates
in a neighbourhood of that point.

Given an integral n-plane E C T, N we can obtain a coframe w?, %7, 7r§- k> Ois Oij
for the larger space U x S; x C x R" x R™” at z, with Ty = Thys T = dT%;, modw’,
Oij = Tij modwi, such that

Jk i _
g 7Tjk|TzN_0

U9 = (¢ iy + g ) A
do; = 045 N W+ fomh A W (7

0, = gkp’iTi)l A W A W(ijk)

do; = 2gjk(aijw(k) + 0wk — kW)

and ng, o;; vanish on E. We will refer to this as a torsion-absorbed coframe. On
any other integral n-plane at = the 1-forms of (6) vanish and W;k = s;klwl, 0ij =
tijkwk, where the sékl and t;;, must satisfy some homogeneous linear equations
dictated by (7). Thus, the space of integral n-planes naturally forms an affine
bundle over N; we will calculate the rank of this bundle later.

A hyperplane in F is characteristic if it is contained in more than one integral

n-plane. The characteristic variety Zg is the set of directions in P(E*) that cut
out characteristic hyperplanes, and the complex characteristic variety E% is cut out
by the same equations considered over C. There is a simple-minded algorithm for
calculating the characteristic variety by duality.
Proposition 2. Let E be an integral n-plane of an arbitrary exterior differential
system and let w’, 7% be a coframe with 7¢|z= 0. Given a nonzero ¢ € E* (ex-
pressed as a linear combination of the w’s), for each form ¢ in the system of degree
at most n there is an expansion

w/\§:Z7r}/}/\wI+...
I

where for each multi-index I, 71'?’ is some linear combination of the 7% and we leave
off wedge products of two or more 7%’s. (If the system is linear there will be none
of these anyway.) Then ¢ is in the (deprojectivized) characteristic variety exactly
when the span of all the 1-forms 77}#, taken over all algebraic generators v of the
system of degree at most n, is a proper subspace of the span of the 7®.

Proof. The hyperplane ¢+ is characteristic when its polar space
H(&H) = {v € TuN|(vo9)|er= 0,V generators ¢}

is larger than E (cf. Defn. II1.1.5 and V.1.1 in [2]). The condition on v is equivalent
to

((va1p) A& = 0;
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since 9 vanishes on E this is equivalent to
(va (P A E))|E=0.
Using the above expansion for ¥ A £ yields
H(Y) = {v e T,Njvoo7¥ = 0,94, I}.
O

Proposition 3. If ¢ € E*®C is characteristic for E an integral n-plane of (6), then
g7 &:&; = 0. Since g;; is positive definite this implies there are no real characteristics.

Proof. Let &' = g¥&y, €2 = gF™ €€, and
Pijk = gz‘pﬂfk + jp Ty
(Note that gjkwék = 0 implies ¢’¥p;r;i = 2¢’%p;jr..) The forms that cut out H(£1)
comprise v, 0;, and the 1-forms
Yijim = &Pijm — EmPijt
oiji = &(os; + fiml;) — &(ow + fimly,)
0ij = £ (prij — Pijk + Thyis) — i
a; = (045 +03)6 — g’ o1&

which arise from wedging ¢ with U¥, do;, ©;, and dO; respectively. One can
calculate that if

1
Bij = 5(91‘;' + 051 + " (Wirjm + Vikim)) = —piju€" + 976" prmu”

then
Yijim€&™ + &(Bij — 5917‘9“51@1) = — €1 piji;
also,
¥ (oijn — Ojin — Onij) + & — Gy = €] (04 — 055)  mod{mli}
and

1 m i
5k(01jk+0jz’k)+§(€i%’+§jaz‘) = ¢ (0ij+0ji) — 9" oum&&;  mod{mhy, 05 —0ji}.
This shows that if |§|2 = gijfifj # 0, the span of the 1-forms ¥;jim, 0ijk, 0ij, 0y is
the same as that of 7%, 0, and H(H) = E. O

TESTING FOR INVOLUTIVITY

First we will calculate the rank of the bundle of integral n-planes over each point
of N.

Proposition 4. At each point of N the space of integral n-planes of (6) has

dimension
2
1 1 1
(3 ) - ()4 (y ) -
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Proof. To obtain an integral n-plane, set %y = g'syuw!, 045 = tijpw”, where the
tijr have no symmetries but s;;x = S;xj1, which we abbreviate by saying sz €
V ® S?V ® V. When we substitute into (7), the resulting linear equations for the
sijk1 and t;;5;, are

sk =0 (8)
Sijkl + Sjiklt — Sijik — Sjitk = 0 (9)
tikt — tux = _fpgpj(sjikl — Sjilk) (10)
gjk(sé‘li - Sé‘il) - gjl(sfzi - S?il) + glm(sgmj - ngm)5£C =0 (11)
G (tije + tjiw — tiki) =0 (12)

where s;kl = g"spjri. The linear map in (9) can be factored as

VostVeV S5 sVeveV &SV ety
where the first map is symmetrization on factors 1 and 2. The kernel of the second
map is clearly S2V @ S?V; so, to solve (9) set
Sijkl = bijrl + bikji — bjka

for b;jx € S?V ® S?V. Then (8) and (11) become

(2bijr1 — bjra) g’ =0 Vi, 1 (13)

9"bikji — gikg” 9" bjmip =0 Vi, k (14)
For any a;; € S2V (i.e. such that gijaij =0), bijir = (n— 2)aijgr + 2gijar is a
solution of (13). Substituting this in the left-hand side of (14) yields n(n — 2)a;;.
Meanwhile b5 = 2ng;;gi1 + (n — 2)(gugjr + gj19:) also satisfies (13) and substi-
tuting this into (14) yields (n? +n — 2)(2 — n)gir. Together, these two calculations
show that the kernel of the linear map in (13) surjects onto S?V under the linear
map in (14). Thus the dimension of the space of s;;; satisfying (8), (9), (11) is
<n+1 2 _n2 _ n+1 )

On the other hand the linear map on the ¢;;5 in (10) is clearly surjective with

kernel V ® S2V and it is easy to show that this kernel surjects onto V under the
linear map in (12). Thus given a solution s;;x; of (8), (9), (11), the dimension of

the solution space of the remaining equations for the t;;;, is n(”;rl) —n. O

Using the algorithm contained in Prop. IIL.1.15 in [2], we will calculate the
Cartan characters sy, - - s, of (6) with respect to the flag
OckEiCc---E, 1CFE,=FE,
where E; C E is annihilated by the forms Wk, k> j. If we use Pijk = gipﬂfk +9jpTo,
as before, the structure equations (7) become

207% pijie = 9" pjni (15)

Vi = pijrw” (16)

do; = oy Aw’  mod{piji} (17)
(—=1)"7220; = ¢"* g piriwjmy — 977 9" Prmrw (i) (18)
doe; = ngk(aijw(k) + 0wy — TRW3))- (19)
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When n > 3, we can inspect the 2-forms in (16), (17) to calculate the characters
S1,°* ,Sp—3. For m < n — 2 we find

n+1
S1+- - +8Sm=m 9 +mn

where the first term comes from the p;;r, & < m, and the second from the o,
k < m. By the same count s,_y > (”;1) + n, but we must also take into account
the extra polar space annihilators that occur as coefficients of w(,,_1,,) in (18).

To simplify the relation (15), assume that g;; is the identity matrix; later, it
will turn out this assumption is not important. To simplify notation in subscripts,
let 6 stand for n — 1 and 7 stand for n, and let a circumflex over repeated indices
represent a summation where the index runs over values less than 7. Now solve the
relation (15):

pirt = { 203 Pify r< 7
Pijz = 2Pz 1=T.
Using these equations, the coefficient of w(gr) in ©; is congruent to

Pi6T — PiT6; <6
pre6 + P67 — 20557, 1 =06
2p7i6 — 2p666 + Pjje. 1 =T
modulo the p;;, for £ < 6. With these extra annihilators, we get

n+1
SnQZ( 9 )—l—n—i—n.

From our calculation in the proof of Prop. 3, s,, = 0 and

1
S1+ -+ Sp—1 codimEn(n;_ > —n+n?
SO Sp—1 = 2(";1). Now we compute that

2
1 1 1
i () () ()

Since the space of integral elements of (6) satisfying the independence condition
form a smooth affine bundle over N with rank precisely this number, by Cartan’s
Test (II1.1.11 in [2]) we conclude that our arbitrary integral n-plane E at a point
where g;; = ¢;; is ordinary. However Gl(n) has an obvious action on the fibre of N
over U, under which any g;; can be taken to the identity matrix. Since the structure
equations (7) are Gl(n)-invariant, we can conclude that every integral n-plane is
ordinary. Thus the system is involutive. In particular, applying the Cartan-Kahler
Theorem (II1.2.3 in [2]) we conclude

Theorem 5. Through every point in N there exists a smooth analytic integral
n-manifold of the system (6) satisfying the independence condition Q # 0. In
particular, every 1-jet of a vector field and 1-jet of a metric satisfying g I'}; = 0 is
the 1-jet of an analytic soliton metric defined on a small neighbourhood in U.

Note that all local solitons are obtained this way, since by Prop. 3 they will be
analytic.

We can now improve on Prop. 3 by noting that involutivity and our calculation
above imply that the codimension of the characteristic variety =% is one and the
degree is s,—1 = 2(7L;1) (see Cor. V.3.7 in [2]). Since we proved that = is
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contained in the irreducible quadric hypersurface g¢;¢; = 0, we deduce that =&
must be this quadric counted with multiplicity (";1)

The classical inference that soliton metrics in harmonic coordinates depend on
Sn—1 = n(n + 1) arbitrary functions of n — 1 variables comes from the mechanism
in the proof of Cartan-Kéahler used to create a sequence of problems to which the
Cauchy-Kowalevski theorem applies. After going through the involutivity calcula-
tion, one should attempt to find out just what the arbitrary functions are. In fact,

the author has calculated that if the vector field X is assumed to be the coordinate

vector field —— then the components g;; of the metric, and their first derivatives

ox

in the z, direc&on, can be specified along the hyperplane x,, = 0 transverse to X;
this would account for n(n 4 1) arbitrary functions along the hyperplane.

COUNTING IDENTITIES AND THE SYSTEM WITH FIXED METRIC

When an exterior differential system becomes involutive we know that all its
prolongations will also be involutive, and there is a simple way of calculating the
Cartan characters of successive prolongations. This in turn enables us to calculate
the rank of the bundle of integral n-planes for each prolongation. This gives a count
of identities satisfied by solutions, in the following way. In terms of our earlier
discussion of involutivity, if we know the rank of the submersion R(*<+1) — RK¥)
we can calculate the codimension of R*+1) in the space of “free” (k + 1)-jets. We
will think of this as the number of identities the (k + 1)-jets of solutions satisfy.
Finally, R**1 is the bundle of integral elements of the contact system on R*),
since a possible tangent plane to an integral manifold passing through a point of
R (ie. a k-jet of a solution) is a (k + 1)-jet of a solution.

We are interested in identities that result from imposing the soliton condition in
addition to the harmonic coordinate condition, so we will base our comparisons on
the latter. The system for a metric g;; with respect to which the coordinates are
harmonic lives on U x S; x R and is generated by the 1-forms

Yij = dgij — pijkw",

where piji, = gipdl, + gjpdl}, modw' and we have the dependence relation

9" (2pijk — pjki) = 0.

It is easy to calculate that this system is involutive with characters s; = ... =
Sp_1 = ("'QH), n = (”;‘1) — n. These characters will let us count the dimensions
of the free k-jets relative to the soliton condition.

In the following table, the entry in the kth row, & > 0, is the dimension of the
bundle of k-jets of solutions over a (k — 1)-jet solution. To obtain the number of
identities at each level we subtract the number in the third column from the sum

of the numbers in the first two columns.



10 THOMAS A. IVEY

gi; with harmonic  vector solution to (2) # of
coordinates field X identities
oets (1) n (yen
1-jets n(”;l) -n n? n(”;rl) —n+n?
djers (1) ont () Mmoo
e e = D RIS

4d-jets n2(n271)§17874+2)(n+5) n(ni—i’,) nQ(nfl)(nZ’;)(n2+3n72) (n-2|-1)2 + n(g)

It is easy to see that the 2-jet identities must be
Xij + Xji = Rij + A gijs
which is second-order only in g, together with
9" (Xijr + Xjir — Xjri) = 0,

which is implied by the second Bianchi identity for the covariant derivative of the
Ricci tensor.? Moreover, involutivity implies that the identities on the 3-jets will be
obtained by differentiating the identities on the 2-jets just once — i.e. no further
identities will appear by differentiating twice and equating mixed partials.

Suppose, however, that we only want to know what identities there are that are
first-order in X, and we do not care how many derivatives of g are involved. Then
what we should do is start with a fixed metric g, and find out what integrability
conditions arise from (1), which is now an overdetermined equation for X.

To this end we will define a differential system on the orthonormal frame bundle
F of g, with canonical forms w* and Levi-Civita connection forms ¢} satisfying the
structure equations

dw' = —<Z)§ A w?
¢ = —¢!
46, = ~64 N0} + @)
<I>§ = %R;klwk AW
On F x R\ x R(&) define the forms
i = dX; — (X;¢) + (Rij + My + Aij)o?),  Aji = —Aj
Then —dn; = qu)g + (Rijkw" + mij) A w? mod n;, where
mij = dAi; — A} — Agj o)

and R;j, = Vi R;; is the covariant derivative of the Ricci tensor.

We are looking for n-manifolds along which © # 0 and the 1-forms n; vanish. The
Cartan system for this Pfaffian system is {w’,n;, m;;}. When we try to find integral
n-planes we can ignore the 1-forms gzﬁé- in our coframe which do not appear in this
system. (Strictly speaking, the Pfaffian system drops to the quotient F/O(\), but

2If we assume that X is a divergence, i.e. f;; = R;j + Ag;; for some function f, then this
identity simplifies to )
ijRZ + V;R =0,

which would determine f up to a constant if the Ricci curvature were non-degenerate.
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we will continue to work with forms on F.) It turns out that there is a unique
integral n-plane at each point, given by

Wij‘EZ (Rkij — Rkﬁ — XpRﬁij)wk.

Thus we should add the corresponding 1-forms

0ij = mij + (XpRY;; — Ruaj + Riji)w”
to our system. Now the 6;; must be closed modulo the system {7, 6;;}; otherwise,
there will be no integral n-planes satisfying Q|g# 0. In this way, calculating df;;
gives us integrability conditions.

The expression of this integrability condition has the following interesting geo-
metric interpretation. Let © be the sheaf of germs of Killing fields on a Riemannian
manifold, and let Dy be the first-order linear differential operator taking X to the
symmetric bilinear form X;; + Xj;. In the case where the metric has constant
curvature Calabi [3] defined a fine resolution of ©

00 @ 2o gt Py g2 P2
where ®Y is the sheaf of sections of TM, ® is the sheaf of symmetric bilinear forms,
and ®F is the sheaf of sections of the kernel of the map
NT*M @ AFT*M — T*M @ AFF' T M

which anti-symmetrizes on the last k+1 factors. (In particular the symmetries of the
Riemann curvature tensor imply that it lies in ®2.) Gasqui and Goldschmidt have
also achieved resolutions of © in the case of locally symmetric [5] and conformally
flat spaces [6].

For our purposes, define D; : ! — @2 as follows: if s € ! has components s;;,
let

D1 (8)ijki = Sitjk — Sjlik — Sikjl + Sjkil + SipRé‘)kl - Sijfkl,
where s;;; are the components of the second covariant derivative of s. (It is clear
that D;(s) is a section of A2T*M @ A*T*M; to see that D;(s) € ®2, calculate
Di(8)ijriw? AwP Aw = (sijk — singi — $jpRhy) w? AWk Aw!
= (Sijkt — Sijik — (sjpRE, + sipngl))wj AP AWt =0
using the first Bianchi identity, R?kle A wF Aw! = 0.) This D; coincides with
Calabi’s operator in the constant curvature case. D o Dy is not zero in general,

but it is only first-order in X:
Dy o Do(X)ije = 2(Xp(Rpijp — Riie) + XpuRiy; — X By;)
+ (Xip = Xpi) Rjy + (Xpj — Xip) Rl
Now, the soliton condition (1) can be written as
Dy(X)=2Rec+MAg
and the integrability condition for the exterior differential system with ¢ fixed is
D1(Do(X)) = D1(2 Re+Ag)
which is first-order in X but fourth-order in g. The author has calculated that the
soliton system for 1-jets of X and 4-jets of g satisfying the above two conditions in
involutive. Hence these exhaust the identities implied by the soliton condition that
are first-order in X.
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