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Abstract. In this talk, I will discuss the vortex filament flow, and its connec-
tion with the nonlinear Schrödinger equation (NLS); the geometry of solu-
tions to the filament flow that correspond to finite-gap solutions of NLS; and
in particular, the relationship between geometric properties of the filament
to features of the Floquet spectrum of a periodic NLS potential. These will
be illustrated by the example of elastic rod centerlines. I will also discuss
the geometric implications of symmetric Floquet spectra, and the topological
implications of certain isoperiodic deformations of the spectrum that open up
real double points.

This is joint work with Annalisa Calini of the College of Charleston, and
is supported by the National Science Foundation (Research Grant DMS-
0204557).

1. The Vortex Filament Flow

The vortex filament flow is an evolution equation for space curves, given by

∂γ

∂t
=

∂γ

∂x
× ∂2γ

∂x2
= κB, γ ∈ R

3 (1)

wherex is arclength,κ is Frenet curvature, andB is the binormal. This was pro-
posed in 1904 by da Rios (a student of Levi-Civita) as a model for self-induced
motion of vortex lines in an incompressible fluid. An intuitive explanation of this
model is that when a vortex line bends, the compression of streamlines inside the
bend pushes the vortex line in a direction perpendicular to the osculating plane,
with velocity proportional to the curvature. For example, circles translate with
constant velocity (like a smoke ring). However, most planarinitial curves immedi-
ately become non-planar under this flow.
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1.1. The Hasimoto Map

The vortex filament flow is regarded as completely integrablebecause of Hasi-
moto’s discovery [6] that one can map solutions of (1) to solutions of the nonlinear
Schrödinger equation. If the curvatureκ and torsionτ of a solution of the vortex
filament flow are packaged into a complex function ofx andt,

q(x, t) =
1

2
κeiθ, θ =

∫
τdx.

thenq satisfies the focusing cubic nonlinear Schrödinger equation

iqt + qxx + 2q|q|2 = 0. (2)

For example, a translating circle of radiusr corresponds to a “plane wave solution”
of the NLS, given by

q =
1

2
κeiθ =

1

2r
eit/(2r2). (3)

As you can see here, the time dependence of the antiderivative θ in (3) isn’t arbi-
trary. In order to get (2), one must choose the antiderivative of torsion to satisfy

θt =
κ′′

κ
+ 1

2κ2 − τ2.

This extra condition onθ is compatible withθx = τ , because the torsion is a
conserved density for the flow:

τt =

(
κ′′

κ
+ 1

2κ2 − τ2
)

x
.

Like the KdV, mKdV and sine-Gordon equations, the NLS is a completely inte-
grable PDE. Why is this important? Because of the rich structure that such equa-
tions have.

1.2. Features of completely integrable PDE

Hasimoto’s discovery of the link between vortex filament flowand the NLS meant
that filament flow can be regarded as a completely integrable PDE, in the same
league as equations like KdV, mKdV and sine-Gordon. As a result, the filament
flow enjoys the features common to “soliton” equations, suchas:

• It is completely integrable as a Hamiltonian flow on the appropriate function
space1, with an infinite sequence of conserved integrals
∫

τ dx,

∫
κ2 dx,

∫
κ2τ dx,

∫
(κ′)2 + κ2τ2 − 1

4κ4 dx, . . .

1Usually, this is either the space of smooth closed curves of afixed length, or balanced asymptotically
linear curves [9].



Geometry and Topology of Finite-Gap Vortex Filaments 3

and commuting flows

γt0 = T, γt1 = κB, γt2 = 1
2κ2T + κ′N + κτB,

γt3 = κ2τT + (2κ′τ + κτ ′)N + (κτ2 − κ′′ − 1
2κ3)B, . . .

(The ones given here were generated using recursion operators discovered
by Langer and Perline [9].)

• It possesses explicit soliton and multi-soliton solutions, and an even larger
class of explicit solutions known asfinite-gap solutions.

Soliton solutions are, of course, often described as “solitary waves that move with-
out changing shape or form”. The analogue for the filament flowwould be a curve
that moves by rigid motion. These curves turn out to be elastic rod centerlines.

1.3. Elastic Rod Centerlines

Kida [8] showed that the curves that move by rigid motion (i.e., a combination
of rotation and translation inR3) are Kirchhoff elastic rod centerlines. From a
geometric point of view, these may be defined as curves that are critical for a
Lagrangian of the form

F [γ] = λ1

∫
dx + λ2

∫
τ dx + λ3

∫
1
2κ2dx

with respect to variations that preserve the second derivatives ofγ at the endpoints.
(Again,x is arclength.) Forλ2 = 0, these are Eulerian elastic curves.

Langer and Singer [10] obtained expressions for the curvature, torsion, and po-
sition of the curve in terms of elliptic functions and elliptic integrals. They also
showed that the Euler-Lagrange equations imply that the vector field

I = λ2T + λ3κB

is the restriction toγ of a Killing field in R
3. Therefore, elastic rod centerlines

evolve by rigid motion (together with a constant-speed slide along the curve) under
theκB flow.
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(2,-3) (2,5) (3,-5)

(2,7) (3,-8)

Singer and I [7] later showed that every torus knot type is realized by a one-
parameter family of elastic rod centerlines. In fact, thesecenterlines fit into smooth
families, which share a common rotational symmetry, and represent two comple-
mentary knot types, like the (2,5) and (3,-5) knot types shown among the examples
above. We call such a smooth family ahomotopyof closed elastic rod centerlines.
These elastic rods are part of a larger class of vortex filament flow solutions that
are derived from finite-gap solutions of the NLS. To understand how that works,
we need to look at how to invert the Hasimoto map, i.e., producing a curve inR

3

from its Hasimoto potentialq(x, t).

2. Inverting the Hasimoto Map

To reverse the Hasimoto map, passing from an NLS solution to asolution of the
vortex filament flow, it’s necessary to solve the ZS-AKNS linear system associated
to NLS:

∂ψ

∂x
=

i

2

(−λ q
q λ

)
ψ,

∂ψ

∂t
=

i

2

( |q|2 − 2λ2 iqx − 2λq
−iqx − 2λq 2λ2 − |q|2

)
ψ,

λ ∈ C, ψ(x, t;λ) ∈ C
2.

When the spectral parameterλ is real, these equations simply describe how an
analogue of the Frenet frame (called a natural frame) evolves along the curve and
in time. So, it’s not surprising that we have to solve such equations to reconstruct
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the curve. (The identification with an orthonormal frame comes from the fact that
whenλ is real, the fundamental solution matrixΨ of this system takes value in
SU(2), and this double coversSO(3).)

While the curve itself could be obtained by integrating the unit tangent vector of
the Frenet frame, for purposes of constructing closed curves it’s better to use an
alternative formula derived independently by Sym and Pohlmeyer:

γ = Ψ−1 dΨ

dλ

∣∣∣∣
λ=0

∈ su(2) ∼= R
3. (4)

One can check thatγ is related toq via the Hasimoto map (3) if and only if (4)
holds for a matrix solutionΨ of the linear system that isSU(2)-valued whenλ is
real.

Note that there are good reasons for evaluating (4) at a (real) value ofλ other than
zero. First, if we evaluate at a nonzeroΛ0 ∈ R, then we get a different curve from
(4), whose Frenet curvature is the same and whose torsion differs by an additive
constant. But if we evaluate atΛ0 ∈ R but also modifyq by agauge transformation

q̃(x, t) = exp(i(ax − a2t))q(x − 2at, t), a = −2Λ0,

then we get the same curve as we get from the Sym-Pohlmeyer formula using
unmodifiedq andλ = 0.

3. Floquet Spectrum

One of our main interests is the topology (in particular, theknot type) of closed-
loop solutions of the filament flow. If we are going to build such solutions using the
inverse Hasimoto map, we must know how to obtain solutions that are smoothly
closed.

First, for a closed curve, the potentialq obtained by the Hasimoto map will not
necessarily be periodic. Granted, the curvature and torsion will be periodic, but
the antiderivative of torsion in (3) may not be periodic. However, we can perform
a gauge transformation to obtain a periodic potential, thatcorresponds to the given
curve via the Sym-Pohlmeyer formula, albeit evaluated at a nonzero value ofλ.

Going in the other direction, suppose we start with aperiodic solution of NLS,
say, withq(x + L) = q(x). (In this section, we suppress dependence on time.)
When does the Sym formula, evaluated at a suitableλ-value, give a closed curve of
lengthL? To answer this, we need to discuss theFloquet spectrumof the periodic
potentialq.

This spectrum is a subset of the complex plane made up of two kinds ofλ-values.
The periodic spectrumare theλ-values for which a non-trivial solution of the
AKNS system isL-periodic (or antiperiodic) inx, while thecontinuous spectrum
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consists ofλ-values for which the solutions are bounded asx → ±∞. Both of
these sets can be characterized in terms of theFloquet discriminant

∆(λ) = trace
(
Ψ(x + L)Ψ(x)−1

)
,

which is the trace of the linear system’s transfer matrix over one periodL. Because
the transfer matrix has determinant one, the solutions are periodic or antiperiodic
exactly when the discriminant equals+2 or −2, respectively. Points of the peri-
odic spectrum consist of simple points or multiple points, etc., according to their
multiplicity as zeros of∆(λ)2 − 4.

3.1. Example: Spectrum of the Circle

For example, take a circle with lengthL = π/a. The continuous spectrum has
exactly one spine, extending along the imaginary axis, witha simple point at each
end, and a countable number of real double points:

ia

−ia

If we take the circle as multiply-covered, i.e.,L = m(π/a), then continuous spec-
trum is the same, but double points (marked by X’s here) proliferate along the real
axis and along the spine:

ia

−ia

In general, the Floquet spectrum is more complicated than this!

3.2. Properties of the Floquet Spectrum

The spectrum is symmetric under complex conjugation, and isunchanged by time
evolution under the NLS. It contains the whole real line, plus (typically) spines
branching off the real line, and possibly some disconnectedbands. The bands end
in simple points of the periodic spectrum, and multiple points can occur along the
real axis or the bands/spines. So, a typical spectrum might look like this:
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Finite-gap potentials are those for which the spectrum has finitely many simple
points. I’ll talk more about the construction of finite-gap solutions later; right now,
to answer the question about closure conditions, we need to define one more object,
the quasimomentum function.

3.3. Closure and the Spectrum

For mostλ values, there will be two linearly independent eigenvectors for the trans-
fer matrix. Using such vectors as initial conditions gives solutions to the linear
system, calledBloch eigenfunctions, that are periodic up to a multiplicative fac-
tor. Those factors are known as Floquet multipliers, and thequasimomentump(λ)
is −i times the logarithm of a Floquet multiplier. Because there are, in general,
two Floquet multipliers for eachλ, the quasimomentum is defined on a Riemann
surfaceΣ that double-covers the complexλ-plane. (The covering is branched at
the simple points.) Becauseeip(λ) and its reciprocal are eigenvalues of the transfer
matrix, then∆(λ) = 2 cos (p(λ)) .

Theorem (Grinevich and Schmidt [4])γ is smoothly closed at lengthL if and only
if Λ0 is a real double point that is a zero of the quasimomentum differentialdp,
i.e.,

∆(Λ0) = ±2,
dp

dλ

∣∣∣∣
λ=Λ0

= 0, Λ0 ∈ R.

One typically achieves this by pickingΛ0 to be a double point that’s also at the
base of a spine, i.e., where a spine of the continuous spectrum intersects the real
axis.

4. Constructing Finite-Gap Solutions

For a finite-gap potential, the Riemann surfaceΣ has finite genus. Conversely, we
can begin with a finite collection of pairs of complex conjugate branch points and
construct a finite-gap solution of NLS. The data necessary for this construction are
a hyperelliptic curveΣ of genusg, with complex-conjugate branch points, and a
nonspecial divisorD on Σ that satisfies a certain reality condition (see [2] or [3]



8 Thomas A. Ivey

for details). The branch points will become the simple points for the spectrum of
the resulting NLS solution, which has the form

q(x, t) = exp(−iEx + iNt)
θ(iVx + iWt − D + r)

θ(iVx + iWt −D)
.

Here, scalarsE,N ∈ R and vectorsV,W ∈ R
g andr ∈ C

g are determined by
the periods of certain Abelian differentials onΣ, and the purely imaginary vector
D ∈ C

g is computed using the divisor.

Formulas for finite-gap NLS solutions were first obtained by Its and Kotlyarov.
Later, these solutions were re-interpreted by Krichever interms of Baker-Akheizer
functions on a complex curve (see [2] for references). Thereare also formulas
for the Bloch eigenfunctions, and substituting these into the Sym formula yields
formulas for components of the curveγ in R

3 (again, see [3] for details).

5. Elastic Rod Homotopies

We are interested in correspondences between the geometry and topology of finite-
gap solutions, and features of the Floquet spectrum. To see why such relationships
ought to exist, it’s instructive to look at how the spectrum changes as we pass
through a homotopy of closed elastic rods.

Here, there are just four branch points (hence, the genus is one). At each stage,
the reconstruction pointΛ0 is located at a double point (one of the X’s in these
diagrams) that is also the base of a spine. We start with an unknotted, nearly
circular elastic rod centerline:

At the instant where the rod has constant torsion (shown justabove), the spectrum
is symmetric about a line perpendicular to the real axis. There are two possible
reconstruction points to get a closed curve, but these curves are just mirror images
of each other inR3:
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Note that as we pass through the elastic curve, the spines collide and the recon-
struction point passes from the right spine to the left spine:

(elastic curve)

The transition in knot type (in this case, from unknotted to trefoil) does not seem
to be marked by anything in the spectrum. (However, we can characterize it, at
least in this genus, in terms of a polynomial condition on thereconstruction point;
see [3].) At the end of the homotopy, the centerline approaches a double-covered
circle:
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So far, the part of this correspondence that we have generalized to higher genus is
the connection between symmetry of the spectrum and constant torsion.

6. Symmetric Spectra

Here, we suppose the branch points ofΣ are symmetric about the origin of the
complex plane, as shown here for genus two.

1

a1

a

b

b

2

2

(The diagram shows the branch points, along with branch cutsand a typical ho-
mology basis.)

Using the extra symmetry, we obtain the following

Theorem [3]: If g =2 or 3, andγ(x, t) is constructed atΛ0 = 0, thenγ is period-
ically planar, i.e., planar at regular intervals in time.
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Moreover, the curves are different planar times are congruent, giving “breather
solutions” for the filament flow. (For curves constructed using the Sym-Pohlmeyer
formula atΛ0 6= 0, “constant torsion” replaces “planar” in the theorem.)

The above theorem is a corollary of a result that works in any genus, but involves
an extra condition on the divisor which is vacuous in low genus. (So, higher-genus
solutions may be periodically planar, but it depends on the divisor.) The proof
is basically a calculation showing that, at certain times, the potential is a constant
multiple of its complex conjugate. The calculation uses special algebraic properties
of the ingredients for finite-gap solutions that arise when the Riemann surface has
an extra automorphism induced by the symmetry; see [3] for details.

Theorem [3]: If g = 2, the curve has a fixed plane of reflection symmetry.

This typically means that the filament will have persistent self-intersections as it
evolves. We also have observed experimentally that, between the planar times,
these genus two solutions lie on spheres.

The following examples illustrate the phenomena describedin the above theorems.

6.1. Example: Periodically planar in genus 3

The first frame (upper left) and the last frame (lower right) show the filament at
planar times.
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6.2. Example: Spherical and Self-intersecting in genus 2

This example actually has three planes of reflection symmetry.

7. Isoperiodic Deformations

Let’s return to the study of closed-loop solutions to the filament flow. In general,
it’s difficult to pick the branch points so that the closure conditions are satisfied,
because quasimomentum is a transcendental function of the branch points. (For
example, in genus one it is computed in terms of elliptic integrals.) However, a
hint is provided by the elastic rod homotopy we saw earlier in§5..

At one end of the homotopy, the left-hand spine of the spectrum collapses onto a
double point on the real axis, and the spectrum becomes that of a single-covered
circle in the limit. At the other end, the same thing happens to the right-hand spine,
and the spectrum becomes that of a double-covered circle. All along the way, the
curve is closed, and its length is unchanged.

A way to describe this deformation explicitly is given by a system of ordinary
differential equations written down by Grinevich and Schmidt [5], based on work
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of Krichever:

dλi

dξ
= −

∑

k

ck

λi − αk

dαℓ

dξ
=

∑

ℓ 6=k

ck − cℓ

αk − αℓ
− 1

2

∑

i

ck

λi − αℓ

This ODE system keeps theg componentsVj of the frequency vector constant,
while moving the branch pointsλi. (In the system, theαk are the zeros of the quasi-
momentum differential, which are transcendental functions of the branch points.
However, if we add theα’s as new variables, the right-hand side of this system
becomes rational.) It can be regarded as a control system where theλ’s and theα’s
are states, and theck are the controls, i.e., arbitrary functions of the deformation
parameterξ.

A couple of years ago, we realized that we could rig these isoperiodic deformations
so that, if you start with one of theα’s being a double point (i.e., the quasimomen-
tum is±1 there), then it remains a double point, provided that the corresponding
control is set to zero. Next, I’ll describe how this works in the elastic rod homotopy.

7.1. Collapse onto the Unit Circle

Suppose the genus is one, andΛ0 = α2 gives a closed curve. Then setting control
c2 = 0 allows us to deform the spectrum while keeping the curve inR

3 closed.
Since there’s only one control function, we can reparametrize so that it’s a constant.
If we choosec1 = −1, we hit a singularity in finite deformation time, when the
pair (λ1, λ1) collides withα1 on the real axis.

1

1 λ2

λ2λ1

α2α

λ

We can reverse this process if we takec1 = 1, and expand the trajectory coming
out of the real double point as a power series in parameteru =

√
ξ.

This idea can be applied to arbitrary genus spectra that are “close” to that of a
multiply-covered circle. If each complex conjugate pair ofbranch points is col-
lapsed onto the real axis via isoperiodic deformations, then the components of the
frequency vector before deformation can be calculated in terms of the residues of

the limiting differentials, givingVk = ±2 lim
√

1 + α2
k, whereαk limits onto a
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double point belonging to the periodic spectrum of a multiply-covered circle, and
the sign ofVk is the same as the sign oflim αk.

By reversing this collapse, we can construct a finite-gap solution with specified
values for the frequencies, by successively opening up the appropriate double
points for the multiply-covered circle. Namely, opening upthe double pointαk =
±

√
(m/n)2 − 1, which is in the spectrum for then-times covered circle, gives

Vk = ±2m/n.

7.2. Deforming the Circle to a Cable Knot

We have observed experimentally that, beginning with a multiply-covered circle
and repeatedly opening up a real double point (using a closure-preserving, isope-
riodic deformation) to a pair of new branch points a small distance away from the
real axis results in a succession of cable knot constructions, i.e., each curve con-
structed is a cable knot on the previous curve (see [1] for definitions). Here’s a
heuristic argument for why this happens:

Given a knotK of lengthL, suppose we open up a double pointα that adds a small
perturbation, of period(n/m)L to the curve, wherem,n are coprime. Then the
new curveK̃ closes up aftern times around the old curve the long way, andm
times around the short way, and so is an(n,m) cable onK.

For example, suppose we begin with a circle of lengthπ, and open upα1 =
±

√
(m/n)2 − 1. (We take the sign ofα to be the same as the sign ofm.) This

results in an(n,m) torus knot, of lengthnπ, provided|m| > n. As shown here,
choosing(m,n) = (3, 2), and opening up that double point to the right of the
origin, gives a left-handed trefoil knot.

(m,n)=(3,2)

Next, suppose we open up a double point whose initial position (before the first
deformation) wasα2 = ±

√
(j/k)2 − 1, with the same sign asj. This generates

a perturbation of period2π/|V2| = |k/(nj)|(nπ), and so this gives a(p, q) cable
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on the previous torus knot, wherep/q = k/(nj). For example, choosing(j, k) =
(−13, 4), now opening up a double point to the left of the origin, givesa right-
handed(2, 13) cable on the previous trefoil.

(j,k)=(13,4)

We are currently working on making the above argument rigourous, and investi-
gating the stability of these solutions.
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