SURFACES WITH ORTHOGONAL FAMILIES OF CIRCLES

THOMAS IVEY

ABSTRACT The lines of curvature on a cyclide of Dupin are circular arcs. A
surface which carries two orthogonal families of circular arcs must arise as an
integral surface of an overdetermined exterior differential system. We show
that the only solutions of this system are the cyclides of Dupin.

1. INTRODUCTION

The cyclides of Dupin are a well-known family of surfaces in three di-
mensional Euclidean space. A Dupin cyclide can be characterized as the
envelope of spheres tangent to three fixed spheres, or, locally, as a surface
both of whose focal surfaces degenerate to smooth curves. Consequently, the
lines of curvature on a cyclide of Dupin are circles. In this article we give a
new characterization of these surfaces.

In the course of an explanatory article [P], U. Pinkall conjectured that
the cyclides of Dupin are the only surfaces in Euclidean space on which two
orthogonal families of circles lie. We confirm this conjecture:

Theorem 1. Let S be a smooth connected surface containing two orthog-
onal families of circular arcs. Then either the arcs are lines of curvature, or
they make an angle of 45 degrees with the lines of curvature, and the lines
of curvature are circular arcs.

Recall that the conformal group O(4, 1) acts on S as the projectivized null
cone in Lorentzian R®, and on R? by stereographic projection. Since O(4,1)
preserves the set of spheres and planes in R3, it takes circles to circles, and
hence preserves the set of surfaces carrying two orthogonal families of circular
arcs.

Theorem 2. If S contains two orthogonal families of circles that make an
angle of 45 degrees with the lines of curvature, S is equivalent to a Willmore
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torus (i.e., a torus of revolution in R® with radii 1 and v/2) under the action
of O(4,1).

In §2 we review the conformal geometry of curves and surfaces using mov-
ing frames, allowing us to show that a surface carrying two orthogonal fam-
ilies of circles distinct from the lines of curvature corresponds to an integral
surface of an overdetermined exterior differential system. In §3 we show that
all integral surfaces of this system must also be integral surfaces of a certain
Frobenius system of codimension two on the bundle of conformal frames,
thus proving Theorem 1. In §4 we explicitly integrate this system to prove
Theorem 2.

2. CONFORMAL GEOMETRY VIA MOVING FRAMES

We begin by setting out explicit formulas for embedding R? in $3 and
identifying S® with the lines on the null cone in R®. We will use stereographic
projection into S3

(m " .CL‘)I—>< 21‘1 2.@2 2(173 1—R2)
1,42,43 ’

1+R21+R?2°1+R?2 1+ R?

where R? = 2% + x3 + 23, with inverse map

w1 w2 w3
(UJl,UJQ,wg,UM) ~ <1 +U)4’ 1 +U)47 1 +QU4> '
We send (wy,ws, w3, wy) € S to the point in RP* with homogeneous coor-
dinates [wy, we, w3, wy, 1], which lies in the zero locus of the quadratic form
22422422423 —22. Let 7 denote the projection from R5 minus a hyperplane
into R* that inverts this map:

(L (21722,23,24725) = (21/25,22/25723/25724/25)-

We study the properties of curves and surfaces in S invariant under
O(4,1) by adapting conformal frames along these objects. A conformal frame
will be a basis (eg, e1, 2, €3, €4) of vectors in R® whose Lorentzian inner prod-
ucts satisfy

< €, e >= (52']', < e, e >=<e;,eq4 >=0, 1<4,5<3
< ep, e >=< €4,€4 >= O, < ep,eq4 >= —1.

(1)

Let F be the manifold consisting of all such frames. On F we define 1-forms
wg by

(2) deq = egw?, 0<a,p<A4.
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It follows that dw§ = —w A wg and that

(Since O(4, 1) acts simply transitively on these frames, F is diffeomorphic to
that group, and the wj are identified with the left-invariant 1-forms. This
identification will be used in proving Theorem 2.)

Since e is a null vector, p : (eg, e1, €2, e3,e4) — m(ep) gives a submersion
to S3. In fact, F is a principal bundle over S3, with seven-dimensional fibre,
via this submersion. Equation (2) shows that the forms w},w?, wd are semi-
basic on F, i.e., they annihilate vertical vectors. We will use the slightly
abbreviated notation w', w?,w? for these forms.

Let v : I — S® be an immersed curve (I is some open interval). A
conformal framing along ~ is any smooth lifting into F:

]:
v/Lp

7183

By a I-adapted framing we will mean one such that, when pulled back to I,
deg = eqwl + erw'. (Equivalently, 7*wg = 5*wi = 0.) It follows that for a
l-adapted framing along an immersed curve, 7*w! # 0. (Note that we can
always modify an arbitrary framing to get a 1-adapted framing by using the
O(3) action on the vectors ey, s, €3.)

In general, de; = eqw? + esw? + eswi + eqw!. However, we can make the
following modifications to a conformal frame while preserving 1-adaptedness:

ea = ez + &26, §2,63 € R
ez = ez + &3€q

é4 = eq —+ 5262 + 5363 + %(5% + é%)eo'

Since 7*w! is nowhere zero, we can arrange that de; = eqw{ + eqw’ along ¥
(i.e., ¥*w? = *w} = 0). Call this a 2-adapted framing.

Now assume that eg, €1, e4 are part of a 2-adapted framing along the curve.
Since the plane spanned by eg and e; projects down (via ) to the tangent
line to the curve in S3, we will say that ey A\ e; represents the tangent 2-
plane to the curve. Since d(eg A\ e1) = eg \e1w) + e \esw!, we will say
that eg /\ e1 /\ e4 represents the osculating 3-plane. (It is easy to check that
these objects are well-defined.) If ey /\ €1 A e4 is fixed up to multiple along
7, then 7(eg) lies in a fixed two-dimensional affine subspace of R*. It is easy
to see that this means the image of « is the stereographic projection of a
circle or a straight line in R3. Since this conformal characterization of circles
is enough for our purposes, we will move on to surfaces.
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Let 22 % $3 be an immersed surface, and let ¢ be a conformal framing
defined on an open set U € $2. We can use the O(3) action to arrange that

deg = eowg + eqw! + eqw?

on U, i.e., that gi;*wg = 0. Call such a framing I-adapted. It will be useful to
consider the bundle Fi(¢) over X2 consisting of all 1-adapted frames for the

immersion ¢. Its fibre is five-dimensional, since in addition to acting on the
pair e1, es by O(2), the following modifications preserve “l-adaptedness”:

€y = wey, a#0
er = e +&reo, £1,6,83 €R
ez = ez + &2e0

ez = e3 + &3eq

1 1
ey = - (64 +&1e1 + §ae + E3e3 + 5(5? +&+ 532,)60)

While w!,w? are semibasic for Fi(¢), this action shows that the forms
w?, W, W, Wl Wl form a coframe when restricted to a fibre of F;(¢).
The equations w® = 0 and dw?® = 0 imply that there are smooth functions

a,b,c on Fi(¢) such that

w? = aw' + bw?

w3 = bw! + cw?.

(3)

We can ascertain how a, b, ¢ vary along the fibres by differentiating:

da = —aw) + 2bw? + W
(4) db = —bw) + (a — c)wy » mod w',w?.
de = —cwl — 2bw? + w)
In particular, d(a + ¢) = —(a + ¢)w] + 2w§ shows that we can arrange that

a + ¢ = 0 by moving along the fibres, and

0 1
a—c\ _ [ wy 2wy a—c 1 9
d( 2b >— (m% w8)< 2b ) mod w',w

shows that the group C'O(2) acts on the remaining variables. It follows that
the quadratic form

Q =b((w*)* = (")) + (a — cJw'w?

is well-defined, up to multiple, on ¥2. In fact, the null directions of Q are
principal directions on the surface. For, suppose that e; points along a null
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curve for Q and t is a parameter along such a curve. This implies that b =0
along the curve, and since des = eowg + elw% + eg(bwl) mod w?, there is no
component of d(m.es)/dt in the direction of m.es, and the geodesic torsion
is zero. So, @ is nothing but the conformal version of the third fundamental
form of 2.

Now assume that ¢(¥?) carries two distinguished orthogonal families of
curves. On an open set U we can get a 1-adapted framing where e; and es
point along the curves in the respective families. If on U these directions do
not coincide with the principal directions, then b £ 0 and we can arrange that
a+c=0and b= 1 at each point. Let F3(¢) be the subbundle of adapted
frames, tangent to the two families of curves, and for which a + ¢ = 0 and
b = 1. Since we can no longer rotate e; and e, w? is semibasic on Fa(¢),
and because of (4), w) and w) are also semibasic. (However, the fibres are
two- dimensional since we may still add multiples of ey to e; and es; this
shows that w{ and w9 form a coframe along the fibres of F5(¢).) There will
be smooth functions t1, to, u; and uy on Fa(¢) such that

w% = tlwl + t2w2

wg = ulwl + usz.

Differentiation shows that du; = —w mod w!,w?. So, by moving along the
fibers of F2(¢) we can always get a framing such that u; = us = 0 along
P(X?).

Assume ¢ is such a framing. Since eq /\ e1 is the tangent 2-plane to the
ej-curves,

d(eq /\ e1) = e /\(t162 + aes + e4)w! mod w?

shows that the osculating 3-plane for this curve is eg A e1 A\(t1€2 + aes +e4).
Similarly, the osculating 3-plane for an es-curve is ey A\ ea \(—t2e1 —aes+ey).
If the e;— and es— curves are assumed to be circles, the osculating 3-planes
should be fixed along the respective curves. Differentiating the above 3-
vectors, using the structure equations (2), leads us to the

Proposition. Suppose ¢ is a conformal framing, adapted in the above man-
ner, along a surface ¥? carrying two orthogonal families of circles which are
not lines of curvature. Then ¢(X2?) is an integral surface of the following
differential forms on F x R?, where we use a, t; and t5 as coordinates on the
R3 factor:

90 = w3

da + tiw' + wd) A w?
0 = wz B (auljl + wz) Eda + tgw — wzé; Awt
0r = w2 (" — aw?) (dt, — aw + wd) A w?
O3 = W}J (B! + taw?) (dty — aw?® — W) A w!

In other words, these forms vanish when restricted to ¢(X2). We also note
that wy A ws restricts to be a nowhere-vanishing 2-form on ¢(¥?).
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3. THE EXTERIOR DIFFERENTIAL SYSTEM

An integral surface of a 1-form 6 is also an integral of df. So we need to
calculate the exterior derivatives of the above 1-forms:

dbfp =0 \

do; = — (da + w — 2(at; + ta)w?) Aw'

dfy =(da — w3 — 2(t; — aty)w') A w?

dfz = — (dt; +w)) Aw' — (dty — W) A w?
+ (1 +a* -t — 3w Aw?

doy = — WY Aw! —wd A w? J

mod 90, 91, 92, 93, 94.

These 2-forms, together with the forms given in the above proposition, gen-
erate an exterior ideal Z, that is closed under differentiation. However, this
exterior differential system is not involutive since the values of da and w9
on an integral surface turn out to be uniquely determined by the vanishing
of the 2-forms (see [EDS], IV.1.8 for a simple example of how this implies
non-involutivity). In fact, on any integral surface the following 1-forms must
vanish:

05 = (tl — 2at2)w1 + (tg + 2at1)w2 — 2da

96 = (2at2 - 3751)(.4)1 + (2at1 + 3t2)w2 - 2wg

Thus, our surface is an integral of a larger exterior differential system 77,
obtained from Z, by adding 05 and 6 and their exterior derivatives modulo
90 e 96:

dfs = (dty — 2adty) Aw' + (dts + 2adty) Aw? +2(t2 +t3) w' Aw?

dfs =(2a dty — 3dt; — 2aw? — 2wY) A w!
+ (2a dty + 3dts — 200 + 2awd) A w? 4 2(15 — t31) W' A w?.

However, Z; is not involutive: its Cartan characters are s; = 4, so = 0,
while the vanishing of the 2-forms determines, up to only two parameters at
each point, the values of dt1, dts, w, and w9. (The reader is again referred
to [EDS] for Cartan’s test for involutivity.) In fact, there must be smooth
functions u and v such that the following 1-forms vanish:

07 = 2wy + (6u + 1+ 5a® + 3t3 — t2)w! + vw?

O = 20§ + (—6u + 1 + 5a® + 37 — t3)w? + vw'

Oy = dt; — (a +v/2)w' + 2(u — a® — t?)w?

010 = dty — (a — v/2)w? + 2(u + a® + t2)w'.

We can now think of the surface as an integral of a Pfaffian system Z; on
F x R®, where we introduce u and v as new variables, generated by 6 . .. 601
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and their exterior derivatives. (The 2-forms listed in the above proposition,
which are not themselves exterior derivatives, are now congruent to zero
modulo 05 .. .6019.) The exterior derivatives of 7 ... 619, modulo the 1-forms,
are 2-forms whose vanishing uniquely determines the values of du and dv; in
fact, the 1-forms

011 =du + (2uty + at1 — 2tz)w' — (2ut; + aty + 2t1)w?
012 =dv + (bvte — duty + 4t1(t% — a2) — 16aty — 9t1)w?
— (5uty + duty + 4ty (12 — a?) + 16at; + 9ty)w?

must vanish. Differentiating these forms modulo 6 ... 0,2 gives

df1; = —(2v + 13t1ts) wh A W?
df15 = (—36u + 36t5 — 3613 — 26av — 160atits) wh A w?.

Thus, on any integral surface of Z, where w! A w? # 0,

u=— — 1 + 13
13, .

V= ——
2 102

Finally, we substitute these expressions into 617 and #;5, and use the known
values of da, dt; and dt, to obtain two linear combinations of w! and w? that
must vanish along the integral surface. Their coefficients are the polynomials

Py = 11Tt t23—72t, + 72t1a*>—72t3 + 18t2aty—180at,

Py = —180at—72a’ty + 72t5—11Ttat7 + 18t ats + 72to
P3y = —16at, —96t5 4 138tyt? —41t1ats—32t,—60aty + S8at’ —2a*t2ty—8a’t;
Py = 138t1t5—32t; —96t5 + 41t3aty + 16aty—60t 0> —8ats—2a*t3t, + 8a’ty

It follows that any integral surface of Zo must lie inside the common zero locus
of these polynomials; in order to classify surfaces with orthogonal families of
circles, we must study the real points of this locus.

First of all, these polynomials vanish when ¢t; = to = 0. If this is the case
on an open subset of X2, then v = v = 0, and Ay = 019 = 0 imply that a = 0.
It then follows that ¢(3?) is an integral of the Pfaffian system

3 3 2 3 1 2 0600 16 .0 2 0
J ={w’,w] —w,w; —w,wi,wp, 2wi +w', 2wy + w, ws },

which, we should note, is a Frobenius system on F'°. On integrals of 7, the
third fundamental form is Q = (w?)? — (w!)?, so the vectors e; & ey point in
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the principal directions. To see that the lines of curvature must, in fact, be
circles, we need to calculate the osculating 3-planes for these directions:

d (60 /\(61 + 62)> = (eo /\(63 + 64)> (w'+w?) mod J,w! Fuw?

So, eg A\(e1 £ ea) A(es £ e4) is the osculating 3-plane in the e; £ e principal
direction, and it is easy to see that this is fixed along one of the corresponding
lines of curvature.

To conclude the proof of Theorem 1, it will suffice to show that there
are no other real zeros of the polynomials P, through P,. Let R;; be the
resultant of P; and P; with respect to a, which also must vanish along the
common zero locus. If we let z = t2 and y = t3,

Riz = 100(5zy — 4x — 4y)(zy® + yz* + 100(z* 4+ 32 + x + y) — 240zy).

This shows that ¢; = 0 if and only if ¢ = 0. If neither are zero at some
point, then

Ry R
724_?13 = (v—y)(152°y*+506(2°y+y° ) +6072(z* +y*)+6442y+2072(z+y))
2 1

Substituting y = = into Rio gives two positive roots for x, neither of which
satisfy R34 = 0. Taking the resultant of 15x%y? + ... + 2072(z + y) with
S5ry —4x — 4y in y yields a polynomial in « which has only imaginary roots.
Taking the resultant with the other factor of Ry yields a polynomial in x
that has no positive real roots.

4. EXPLICIT INTEGRATION

In the previous section we arrived at a Frobenius system 7 on the confor-
mal frame bundle F such that an adapted framing along a surface foliated
by orthogonal families of circles distinct from the lines of curvature had to
be an integral of J. In this section we will explicitly integrate the Frobenius
system J by exploiting the fact that F is a Lie group.

The forms wj on F obey the same structure equations as the left-invariant

forms on a subgroup of GL(5,R), and take value in the subalgebra of matrices
A such that JA +!AJ = 0 for

0 0 -1
J={1 0 I3 0
-1 0 0

The corresponding Lie group consists of matrices M such that ‘M JM = J. It
is clear that this is the subgroup G of GL(5,R) that preserves the quadratic
form Qo = 235 + 23 + 27 — 221 25. Since this is equivalent to the quadratic form
Q1 = 22 + 25 + 23 + 27 — 22 by a linear transformation, G is conjugate to
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O(4,1) as we usually think of it. If (,) denotes the symmetric bilinear form
corresponding to QQ2, and eq . ..e4 are the columns of M, then

(ei7€j):5ij7 (eiveO):(€i7€4):Ov 1§7’7.7§3
(e0,e0) = (eq,e4) =0, (eg,e4) = —1.

This shows that G is diffeomorphic to F, and (2) shows that the 1-forms wg
form the matrix g~ 'dg of left-invariant forms on G.

Since J is spanned by left-invariant forms and is Frobenius, its integral
surfaces are the left cosets of a Lie subgroup of G. The two-dimensional
subspace at the identity annihilated by J is

0 —2z -1y 0 0
x 0 0 —y —%a:
h= y 0 0 -z —3y |, z,y €R
0 Y T 0 0
0 T Y 0 0

It is easy to check that b is a maximal abelian subalgebra. Exponentiating
it gives a compact torus in G. Our convention in §2 was that the vector
ep traces out the surface in the projectivized null cone in P(R%). The first
column of the image of h under the exponential map is the set of vectors of
the form

(5) eo = “(1(1+cosz cosy),sinz cos y, cos x siny, sin z siny, 1 — cos z cos y).

Since G acts transitively on the left cosets of exp(h), and this action covers
the action of G on R® via the map eg, all surfaces of the kind we are interested
in will be equivalent under the conformal group to the one parametrized by
(5).

It is easy to check that this surface lies in the zero locus of ()2 and also
of 29023 — 24(21 — %25) Since in §2 we use an identification of S with the
null cone of (J1, not Q)2, we need to apply a linear transformation that takes
Q2 to Q1. The resulting surface then lies in the zero locus of (); and of
2v/22523 — 2z4(z5 — 321). We can use transformations in O(4,1) to change
the latter quadric to v/2(2? + 22 — 22 — 22). The resulting surface is in the
zero locus of Q1 and of 22 + 25 — 22 — 23. If we now take the cone of lines
through the origin of R® to points on this surface, this gives the surface in
S3 whose points satisfy w? + w3 = w3 + w?. The image surface in R? under
stereographic projection satisfies 8(x3 + x3) = (1 + 23 + 23 + x3)?, which is
the equation of a torus of revolution about the zs-axis, with radii 1 and /2.
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